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P R O B L E M S  BY M E A N S  OF S I M I L A R I T Y  S O L U T I O N S  
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Sfmi lar i ty  solutions a r e  given for  a l inear  hea t -conduct ion  equation for  a wide c lass  of boun- 
da ry  conditions.  The solutions a r e  used  for  analyzing inve r se  p rob l ems  that  a r e  applied to 
the de te rmina t ion  of ex te rna l  heating conditions.  

In recen t  y e a r s  many works  have been devoted to studying inve r se  heat -conduct ion  p rob l ems  that  a r e  
applied to  the de te rmina t ion  of ex te rna l  heating conditions. A fa i r ly  comple te  su rvey  of publications in 
this a r e a  is contained in [1-3]. We a t tempt  he re  to  unify a c lass  of i nve r se  heat -conduct ion p rob lems  p e r -  
mit t ing s imi l a r i t y  solut ions.  

As is  known f r o m  [6], a l inear  hea t -conduct ion  equation with boundary conditions cor responding  to a 
semibounded reg ion  with a boundary that is ins tantaneously  heated to a constant  t e m p e r a t u r e  has a s i m i -  
l a r i ty  solution: 

O~u Ou x 
a Ox 2 -- Ot " u=u~  ~--  2 ~ "  (1) 

It is shown in [7] that  the known c lass  of solutions [5] for  the l inear  heat -conduct ion equation with boundary 
conditions 

u(x, 0 ) =  u(oo, t ) =  0, u(0, t ) =  ~ a~t vk, =~ = const, 7k = const (2) 
0 

is  s e l f - s i m i l a r  and can be r e p r e s e n t e d  for  Yk = k /2  as  follows: 
z~ 

k j.~ exp ~ k i 'erfc~ (3) 
u = ah t Y  P2~ (~) 4 dz = a~t~- i s eric 0 " 

o P ~  (z) o 

We study the s e l f - s i m i l a r  va r i ab le  ~ f r o m  Eqs.  (1) in m o r e  genera l  f o r m :  

~ =  x x o 
2 ~ t o )  ' x o = const ,  t o -- const. (4)  

This f o r m  of the s e l f - s i m i l a r  va r i ab le  al lows us to  b roaden  [8] the c lass  of boundary conditions permi t t ing  
~ ' ,~ i la r i ty  soh~ions  for  the  hea t -conduct ion  equation, a f t e r  we have supplemented it with the conditions 

k 

u(O, t ) =  ~ a ~ t T i ~ e r i c  x~ (5) 
o 2 V ~ -  

a n d  

k 121 

u~(0, t)----- ~ ~l,k t 2 , O < t < t~ 
0 

- " - n s  / /~ t 

u(O, t ) =  u2(O, t)=ux(O, t ) +  ~ a ~ , k ( t - - t O  ~ - ,  t ~ , . < t< t z  (6) 
0 

n m -k 

Urn (0, t) = urn_ x (0, t) + ~ ara,~ (t ~ trn_x) T',  tra_x ~ t ~ tra 
0 
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In  the  c a s e  of (5) and  (6) t he  c o r r e s p o n d i n g  s o l u t i o n s  t a k e  the  f o r m  

k 

u = ~ a k t  2 Perfc  x+x~ 
o 2 l / a t  

x 
m n i ~ i kerfc 

U = X X ai'k (t - -  tj_l) -T 2 |,Fa (t - -  t~_ 1) 
i ~ erfc 0 

i = l  k=0  

(7) 

t < t: -~ ajh = O. (8) 

A characteristic feature of the similarity solutions under study is their universality, since they 
essentially comprise only one class of the well-studied functions ikerfc [4]; in addition, a very simple 
relation of temperature and heat flow is obtained for these solutions on the boundary x = O: 

k--I 

u(O, t ) =  , - -k  - -  ~ t  "~ , 
o Ox o 

(9) 
- -  ~, (P erfc)~ 

~h = 2 V a P e r f c 0  ak" 

The  c i r c u m s t a n c e s  i n d i c a t e d  e n a b l e  us  to  u s e  e f f e c t i v e l y  the  s i m i l a r i t y  s o l u t i o n s  fo r  a n a l y z i n g  i n v e r s e  
h e a t - c o n d u c t i o n  p r o b l e m s  tha t  a r e  a p p l i e d  to  t he  d e t e r m i n a t i o n  of e x t e r n a l  h e a t i n g  c o n d i t i o n s .  

We a s s u m e  tha t  the  t e m p e r a t u r e  v a r i a t i o n  in  t i m e  i s  known a t  a c e r t a i n  po in t  x = b of a s e m i - i n f i n i t e  
body  x > 0, whose  i n i t i a l  t e m p e r a t u r e  i s  equa l  to  0, u(b, t) = ~o(t). We m u s t  d e t e r m i n e  the  e ond i t i o ns  of 
e x t e r n a l  hea t i ng  u(0,  t ) ;  - -A [0u(0, t ) / ~ x ] .  We a s s u m e  tha t  the  v a r i a t i o n  of t he  s u r f a c e  t e m p e r a t u r e  can  be  
r e p r e s e n t e d  a s  fo l lows  : 

1. The  t e m p e r a t u r e  fo r  x = 0 v a r i e s  a c c o r d i n g  to  Eq.  (2); thus ,  due  to  (3) 

b 
k i k erfc 

cp (t) = ~ % t T 2 V - ~  (10) 
o i k e r f c  0 

T h u s ,  t he  p r o b l e m  r e d u c e s  to  a n  a p p r o x i m a t i o n  of the  e x p e r i m e n t a l  c u r v e  ~(t) in  the  f o r m  of (9), i . e . ,  
t o  t h e  s o l u t i o n  of  a c o r r e s p o n d i n g  s y s t e m  of l i n e a r  equa t ions  for  d e t e r m i n i n g  the  unknowns e k ,  k = 0, 1, 
. . . .  n. T h i s  c a s e  i s  s t u d i e d  in  [9] by  a s o m e w h a t  d i f f e r e n t  p r o c e d u r e .  

2. The  t e m p e r a t u r e  at  poin t  x = 0 v a r i e s  a c c o r d i n g  to  Eq.  (5); t h u s ,  due  to  (7) 

k 
- -  x o +  b ~0(t) = c*~t 2 i k erfc (11) 

0 2 V ~  
and ~ k  i s  d e t e r m i n e d  in  the  s a m e  m a n n e r  a s  in  the  p r e c e d i n g  c a s e .  

3.  The  t e m p e r a t u r e  a t  poin t  x = 0 v a r i e s  a c c o r d i n g  t o  Eq.  (6); t h u s ,  due to  (8) 

b 
, j  ~ Perfc , 

q~(t) = ~ ~ ak(t-- t j_x) ~ 2 V a ( t - - t i - a )  (12) 
i=o k=o i ~ erfc 0 

In  th i s  e a s e  the  p r o b l e m  is  s o l v e d  s u c c e s s i v e l y .  F i r s t  of a l l ,  we d e t e r m i n e  ~ l , k  in  a m a n n e r  s i m i l a r  to  
t h e  p r e c e d i n g  c a s e ,  s u b s t i t u t i n g  in to  (7) the  (1 + ni) v a l u e s  of t f r o m  the  i n t e r v a l  (0 -q )  and s o l v i n g  the 
c o r r e s p o n d i n g  s y s t e m ;  t h e n  we d e t e r m i n e  ~2,k in  t he  i n t e r v a l  (tl-t2) , t a k i n g  into  accouu t  the  a l r e a d y  d e -  
t e r m i n e d  func t ions  S t , k ,  e t c .  The  p a r t i c u l a r  c a s e  of cond i t i on  (5), when uj (0, t)  = c o n s t ,  i s  s t u d i e d  in  
[1, 10]. 

We f ind the  hea t  f low in  a l l  the  e a s e s  u n d e r  s tudy  a c c o r d i n g  to  E q s .  (9). 

B e l o w  we e s t i m a t e  the  e r r o r  fo r  t he  s o l u t i o n  of the  i n v e r s e  p r o b l e m ,  which  i s  r e l a t e d  to  the  r e p r e -  
s e n t a t i o n  of t he  s o l u t i o n  in  s i m i l a r i t y  f o r m .  We a s s u m e  tha t  the  v a r y i n g  t e m p e r a t u r e  of s u r f a c e  f(t) c a n  
b e  e s t i m a t e d  a c c o r d i n g  to  t he  e q u a t i o n  

k k 

~k  -.< f ( t ) ~  % t - 
0 0 
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Thus ,  on the bas i s  of the s i m i l a r i t y  r e p r e s e n t a t i o n  for  solut ion (3), we can  wri te  

k n 

u(b, t) = ' ~  a~, t 2 
0 

k ?$ 

0 

b i k eric 
2 V ~  

i s eric 0 

b i s eric _ 
2Vat 

i k eric 0 

and,  evidently,  

u(b, t) < u (b, t) < ~(b, t). 

By subt rac t ing  (13) f r o m  (14), we obtain 

k 

u(b, t)--u(b, t) = ~ (a~--a~) t -V 
0 

b 
i k eric - -  

2 V ~  
i k eric 0 

If  we a s s u m e  that  ~ k  = ~ k  for  k ~ 0 and for  k = 0 ~0 = ~ 0  + ~l, then 

and 

u (b, t) - -  u (b, t) = 81 i ~ eric - -  

where 

~ ~< 8 (b) 
b eric 2V - 

(b) = sup [~ (b, t) - -  u(b, t)]. 

(13) 

(14) 

(15) 

(16) 

NOTATION 

a,  t h e r m a l  conductivity;  t ,  t ime ;  m,  n, m a x i m u m  number  of summat ion  t e r m s ;  u, t e m p e r a t u r e ;  
x, coordinate ;  z, in tegra t ion  va r i ab le ;  ~ ,  ~, coeff ic ients ;  7,  exponent;  e, e r r o r ;  ~, t h e r m a l - c o n d u e -  
r coefficient;  ~, s im i l a r i t y  va r i ab le ;  i, j, k, summat ion  indices .  
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